
Problem set 2 : GWs from excentric binaries

We will now extend our study of ous to binary systems with non-zero excentricity . Indeed
, many astrophysical

binary system exhibit significant excentricity , particularly in their early inspiral phases .

We will derive tey orbital parameters, computing radiated parer and examining how GW back reaction influences
orbital evolution

I. ELLiPTiC ORBiTS

In a 2-body motion
,

we haveI conserved quantities : energy and angular mementa
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with R a length scale of the system ande the excentricity : o e 1

We can express
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and we wanthe ensure that a is positive . We can then express the equation of theorbit as
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We can new compute the mass moments
. We find in the Problem Set 1 tat for & point-like masses,

Mij = main+Mas

and choosing un = 0
,

this reduces to a one-body problem with

Mij =un

In the (u
, y) - plane ,

E2(t)
= r(t) Cos PCH

Yo(r) = r (r) Sin P(t)
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If we want he compute the radiated power , in the quadrupolar approximation,
we have
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For example ,
let's take
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To compute its time derivative
,

we need to know 2 :
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With B = EGm = Ce



We do the same for the
remaining components and one find
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Going backhe computing the radiated power in the quadripolar approximation ,
we have
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We then need te compute this average wit time Because of the periodicity of the considered motion
, we only

focus on one obital period :

① Gw energy taken instantaneously fluctuates widly

Parador .

Paca) Over short timescales
, making it difficult

to extract meaningful physics
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3 of Maggiore for more insights

and because we have a Keplurian motion,
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Note that if we have a circular trajectory , f(0) = 1 and a = Ro we recover the result of Problem Set

Effects de to the excentricity are not negligeable .
Moreder

,
this formula is historically meaningful.

Yet us look at the orbital period
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-> result from 1993

Hulse-Taylor pulsar : PSR B1913 + 16 (NS + other star)

Pulsar : NS turning relatively fast and that keeps an quite important magnetic field .
While turning ,

it projects
a flux of particles.

Ils semi-major axis reduces of 3
. 5 m/year

II . BACKREACTION ON ELLIPTIC ORBITS

You have seen that
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Choosing L = Lz
,

one obtains
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Let's compute these derivatives :
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Remember that we already found
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We are gonna re-express this diff-eq . system in terms of a and e
.

Remember that
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↳ GWs circularised orbits : e = 0
, trajectory stays circular ( =0E
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Solve those eas numerically is not an easy task
.

We have to adimensionalise the time

- = ch = time measured in units of the light travel hime

R
across a distance R* ( = Schw)

~ 1012...



An analytical way to solve this problem is to obtain a (e) :
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Going back to our favorite pulsar ,
we know that today ,

it has

E
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By the time the to stars reach a short separation a
, say a = 0(10Rms) = 103km

,
we have

=
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and since gles) = 0(1),
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=> Unless some external interaction perhubs the system , long before the 2 NS approach the coolescence

phase ,
the ellipticity =0 circular orbit

When we observe GWs
,

we are near the coalescence.


